The class number one problem for the non-abelian normal CM-fields of degree 24 and 40
Let N be a non-abelian normal CM-fields of degree 8p with p ≥ 5 a prime and let G = Gal(N/Q). Since the Sylow p-subgroup of G is normal N is a cyclic extension of degree p of a normal octic CM-field N 8 , and the relative class number h
of N 8 divides that of N (see [LOO, Thm. 5] ). Let us consider the CM-fields N of degree 40. There are 11 non-abelian finite groups G of order 40: 
Lattices of subfields.
According to the foregoing, it is natural to closely investigate the non-abelian normal CM-fields N of degree 8p, p ≥ 3 an odd prime, with Galois group G isomorphic to one of the following five groups:
Then we have Table 1 G
where Z(G), D(G), and c ∈ Z(G) denote the center of G, the derived subgroup of G and the complex conjugation of G, respectively.
, we let L, N 8 , N 1 , and N 2 be the fixed subfields of the subgroups σ, τ , σ 2 , σ p τ and cσ p τ , respectively (Lattice I). Hence, L is a real quadratic subfield of N, the extension N/L is abelian with Galois group G(N/L) C 2p × C 2 and N 8 is an octic CM-field containing L. The field N is the compositum of two CM-fields N 1 and N 2 of degree 4p with the same maximal real dihedral subfield N
Then N 8 is also the compositum of two CM-subfields M 1 and M 2 with the same maximal real quadratic subfield L. We have
, we let L, N 8 , and N 2p be the fixed subfields of the cyclic subgroup generated by σ, σ 4 , and σ p , respectively (see Lattice II). Hence, the extension N/L is cyclic. Considering D(G) we can easily verify that w N = w N 8 . Table 2 Lattice I
Let us set some notations we will use throughout this paper. If N is a number field, we let d N , A N , w N , h N , and ζ N denote the absolute value of its discriminant, its ring of integers, its number of complex roots of unity, its class number, and its Dedekind zeta function, respectively. If N is a CM-field, we let N + , h − N and Q N ∈ {1, 2} denote its maximal real subfield, relative class number, and Hasse unit index, respectively (see [Wa] ). If L is a quadratic number field, we let χ L denote the primitive quadratic Dirichlet character modulo d L associated with L. For any abelian extension E/F let F E/F be the finite part of its conductor and f E/F = N F/Q (F E/F ) the norm of the finite part of this conductor. Finally, we recall: (a) ( [LPL] ) There exists a positive rational integer
2.1. Numerical computation of relative class numbers. We use the technique developed in [Lou5] and [Lou6] to compute efficiently relative class numbers of the CM-fields:
Proposition 4 (use [Lou6, Theorem 9] 
We refer the reader to [Lou6] to see how to use [Lou5] to compute the exact value of L(0, χ) (i.e. the values of the rational integers which are the coordinates in a given Z-basis of the algebraic integer w E L(0, χ)), prior to using (2).
Theorem 5. Let K be a non-abelian normal CM-field of degree 2n = 2 r p (r ≥ 2) which is cyclic over a real quadratic field L and cyclic over a CMsubfield
Proof. Let χ be any character of order n associated with K/L. Then
2 , which completes the proof.
The case G C 2 × Q 4p
Lemma 6 (due to S. Louboutin). Let N 1 and N 2 be two distinct CMfields with the same maximal totally real subfield. Set N = N 1 N 2 . Assume that Q N 1 = 1 and that 4 does not divide w N 1 . Then h
. We must prove that 2η N is a positive rational integer. Clearly, we may assume that w N = 1 2 w N 1 w N 2 and Q N 2 = 2. Now, we must prove that Q N = 2. Since Q N 2 = 2, we have W N 2 = ε 2 /ε 2 for some ε 2 ∈ U N 2 , and since
Proof. We may assume that N 1 is a dicyclic CM-field of degree 4p. Then 2 [LOO, Thm. 6] ) and h − N 1 ≥ 4 in any case (see [LP] ). Therefore, using Lemma 6, we get the desired results.
The case G C
Using the determination of all the dihedral CM-fields of degree 4p with relative class number one and the determination of some imaginary abelian octic fields with class number one, we determine all the normal CM-fields N of degree 8p with Galois group G(N/Q) C 2 × D 4p which have class number one. We use the following lemma whose proof is left to the reader (use Hilbert class fields):
Lemma 8. Let N 1 and N 2 be two distinct CM-fields with the same maximal totally real subfield. Set N = N 1 N 2 and assume that h N = 1. If neither
Theorem 9. There is only one normal CM-field of degree 8p with Galois group G(N/Q) C 2 × D 4p of class number one: the one given in Theorem 1(1).
Proof. Recall that N = N 1 N 2 is a compositum of two dihedral CMfields N 1 and N 2 of degree 4p which are cyclic over the same real quadratic number field L and that N is a cyclic extension of degree p of an elementary imaginary abelian octic field N 8 containing L (see Lattice I and Table 2) . We let N 8 denote the finite set of all the elementary imaginary abelian octic fields N 8 which are equal to their own genus field and have relative class number one. There are 17 such N 8 ∈ N 8 : the 14 last fields in [Lou2, Table 2 ] and the following three:
(see [CK] ). Since h N = 1, the genus field of N 8 is included in N. Since N 8 is the maximal abelian subfield of N, N 8 is its own genus field and h − N 8 = 1 (use Proposition 3(1)). Hence, N 8 ∈ N 8 . Moreover, according to Lemma 8 and noticing that no two of the 18 dihedral CM-fields of degree 4p with relative class number one are cyclic extensions of the same real quadratic field (see [Lef, Th. 4 .1]), we may assume that N 1 is one of the 10 dihedral CM-fields of degree 4p with class number one. Hence, p = 3 or 5. Now, only 5 out of these 10 dihedral CM-fields N 1 are such that the imaginary biquadratic bicyclic subfield M 1 of N 1 is a subfield of one of the 17 fields N 8 ∈ N 8 . These five dihedral CM-fields are of degree 12 and are the ones of indices i N 1 = 1, 2, 3, 4 and 6 in [Lef, Table 3 i 
. According to Table 3, Theorem 9 is proved.
The cases G
We use of the same plan as in [LP] .
Lower bounds for relative class numbers
Theorem 10 (see the proof of [LP, Thm. 6] ). Let K be a CM-field of degree 2n which is cyclic of degree 2m over an abelian real field L. Let f + denote the norm of the conductor of the extension
To compute the numerical approximations of Res s=1 (ζ L ) and µ L we use [Lou3] . Since N 1 /L is cyclic of degree 2p, as for the previous point we also obtain a good lower bound of B p (L). (See Table 9 .)
If we followed the same line of reasoning as in [Lef] , we could determine all the normal CM-fields of degree 8p, p ≥ 3 any odd prime, with Galois group G C p D 8 , C 4 × D 2p or C p × D 8 with relative class number one. Instead of determining all the normal CM-fields of degree 8p we determine the fields of degree 24 and 40 in the following three sections. We will prove: = 1 and N 8 is known (Theorem 11(1) ). In fact, we can get rid of two of the six possible fields N 8 and we can decide which one of the three real quadratic subfields of a given N 8 must be equal to L : Proof. If a rational prime q divides f N 8 /L , then q ∈ {2, 5, 13} and q | f N 6 /L by Proposition 14. Note that if q is ramified in L/Q, then q is totally ramified in N 6 /Q and q = 3. This implies that q is inert in L/Q and 3 | (q + 1) by Proposition 3(4), which yields the desired result.
Theorem 13. The only normal CM-fields of degree 24 with Galois group
G(N/Q) C 3 D 8 , C 4 ×D 6 , or C 3 ×D 8 of
relative class number one are the two fields given in Theorem 1(2), (3). If N is a normal CM-field of degree 40 with Galois group G(N/Q) C
5 D 8 , C 4 × D 10 , or C 5 × D 8 , then h − N > 1. 5.2. The cases G C 4 × D 6 and G C 4 × D 10 (Lattice II ) Proposition 14. Let N be a normal CM-field of degree 8p with G(N/Q) C 4 × D 2p . Assume that h − N is odd. If a rational prime q is ramified in N 8 /L, then q divides f N 2p /L .(4), Q L is not inert in N 2p /L. Suppose Q L were not ramified in N 2p /L. Then Q L would split in N 2p /L. Since Q L is ramified in N 8 /LLemma 15. If h − N = 1 then (f 4 , f 2 , d L ) ∈ {(
For the four fields
and Proposition 14. We refer the reader to Table 4 for the result of our computation. Notice that N f is much small than n f , which clearly shows how useful Proposition 14 is for alleviating the amount of computation required. Finally, in Table 5 we give the results of our relative class number computations. According to Table 5 2). We obtain Table 7 in the same way as Table 4 . In Table 7 Tables 7 and 8 , P q denotes the prime ideal of L above a prime q ramified in L/Q. For each of the 38 non-normal quartic CM-fields M 1 of relative class number one we have computed an upper bound
for the non-normal CM-field N 1 which is cyclic of degree 3 over a non-normal CM-field M 1 by using (2). Finally, our computation shows that in all the cases considered we have h Table 9 , we also give the value of h Table 10 in the same way. In Table 10 , we give all possible 12 non-normal CM-fields N with
According to these results there is no N of relative class number one with G C 3 D 8 or G C 5 D 8 . In Tables 9 and 10 , P q denotes a prime ideal of L above a split prime q. Note that there are two possible prime ideals P q . If we choose the other, then we get exactly the other isomorphic non-normal CM-fields N 2 . F 5,4 . Let N be a normal CM-field of degree 40 with Galois group Notice that w N = w N 8 . We have the following lattice of subfields: 
. Then
where q is a finite product of distinct rational primes q's such that
and either e = 0 or    e = 2 if e 5 = 1, e ∈ {2, 3} if e 5 = 2, e ∈ {2, 3, 4, 6} if e 5 = 4.
Proof.
(1) We first prove the necessity. Let Φ K/M denote the Artin map associated with K/M. Note that
This shows that if F K/M is invariant under b, so is the kernel Ker(Φ K/M ), which yields the normality of K (see [Cohn, Thm. 8.2.5] ). Therefore, considering the Galois group G(K/Q), we get the desired result. The sufficiency is easily checked.
(2) First, if q does not split completely in M/Q then there exists some
, which gives χ(P q ) = 1, and the first claim of (a) is proved. The last claim of (a) follows from ramification theory.
Second, assume that q = 5 and
. By the method of [LPL, Lemma 5] we get ν q (F K/M ) = 1, where ν q denotes the q-adic valuation. Note that there exists a primitive modular character of order 5 on (A M /(q)) * which is trivial on Im Z, the image of Z. Hence, the order of (A M /(q)) * /Im Z must be divisible by 5. Third, assume that 5 is ramified in K/M. It is easily checked that e > 1. Assume that e ≥ 3 for e 5 = 1, e ≥ 4 for e 5 = 2, and e ≥ 7 for e 5 = 4. Let α ≡ 1 (mod P e−1 5 ). Then there exists β ∈ P e−1−e 5 5 such that α = 1 + 5β. By using ν 5 (C To compute numerical approximations of L(0, χ) by using the technique developed in [Lou5] and [Lou6] , we have to be able to compute the coefficients a n (χ) := N N + 8 /Q (I)=n χ(I). For convenience, let us set some notations. Let P q and f q denote a prime ideal in N + 8 above a rational prime q and its inertial degree, respectively. We have: = 1, and there are 18 such N 8 's (see [CK] ). An easy computation shows that ζ N 8 (s) ≤ 0 in the range 0 < s < 1 for these 18 fields N 8 . Therefore, by using Theorem 10, for each of these 18 fields N 8 we can compute an upper bound B(N of the six CM-fields K which are obtained in the last column of Table 11 . We should point out that in Ta ). According to our computations, the normal CM-field of degree 40 given in Theorem 2 is the only normal CM-field of degree 40 with G(N/Q) C 2 × F 5,4 and relative class number one. 
